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SUMMARY 


The effort of implantation ol nitrogen ions (N*) on the friction and 
wear characteristics of ,Kire iron sliding against M-50 steel (unimplanted) 
was studied using a pin-on-disk sliding friction apparatus. Test conditions 
included: a dry air atmosphere, 1 2 kilogram load (4.9 N), sliding velo- 
cities of 0.043 to 0.051 meters per second (' 15-18 rpm), a U.8. P. min- 

I R 

oral oil lubricant, and a nitrogen ion implantation dose of 5x10 ' ions per 
cent imeter squared. 

The friction and wear pro|>erties ot pure iron sliding against M-50 
steel were not significantly altered after nitrogen implantation. The un- 
implanted iron exhibited an average wear rate of 1.47i0.27 M‘* N-M 
(\10~* *) compared to 1 53i0.73 for the nitrogen implanted iron. Average 
friction coefficients were 0. 10 (unimplanted) and 0.09 (implanted). 


INTRODUCTION 

Ion implantation (ref. 1) is the process by which elements are injected 
into tho surface region of a solid. This is accomplished by accelerating 
ions of the injected element in a vacuum chamber (' 10” torr) and allow- 
ing them to strike the solid substrate. Ion energies are usually in the 
range of It) to 500 keV. 

The most important application of ion implantation has been in the 
semiconductor industry to introduce dopants into the semiconductor (ref. 2). 
More recently, studies have shown that the implantation ot certain elements 
(Cr, He, anil H) can improve the corrosion resistance of steels and other 
alloys (refs. 3-5). Other applications have been in the areas of catalysis 
(ref. 6) and fatigue (ref. 7). 

Finally, a number of investigators have reported substantial reduc- 
tions in friction and wear of implanted surfaces. Mo and S implanted into 
the same steel surface reduced friction by 30* V (ref. 8). Implantation of 
B + , N 4 . and Mo* reduced wear of nitriding steel by more than a factor of 
ten (ref. 9). Similar results were obtained with nitrogen and carbon im- 
planted m several different steels (ref. 10). Implantation has even been 
reported to improve hydrodynamic lubrication (ref. 7). 
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However, in most of the above studies, there has been little attempt 
to control experimental conditions and materials. Therefore, the present 
investigation had two main objectives. The first was to establish a con- 
trolled testing procedure to determine the effects of ion implantation. 

The second objective was to use this procedure to study the effects of 
nitrogen ion implantation on the friction and wear properties of pure iron 
sliding against M-50 steel in dry air under lubricated conditions in a pin- 
on-disk apparatus. Conditions included: a 1/2 kilogram load (4.9 N), 

0.043 to 0.051 meters per second sliding velocities, a U.S. P. mineral 

1 5 

oil lubricant and a nitrogen ion dose of 5x10 ‘ ions per square centimeter. 
This low dose will help set lower bounds on the threshold of ion implanta- 
tion effects on wear. 


APPARATUS 

The pin-on-disk sliding friction apparatus is shown in figure 1. The 
test specimens were contained inside a plastic chamber. This allowed the 
moisture content of the test atmosphere to be controlled. A stationary 
0.476-centimeter radius hemispherically tipped iron rider was placed in 
sliding contact with a rotating 6. 3-centimeter diameter (1.2 cm thick) 
steel disk. A constant sliding speed in the range of 0.043 to 0. 051 meters 
per second was maintained. A normal load of 1/2 kilogram (4.9 N) was 
applied with a deadweight. 


MATERIALS 

The ride is were machined from jxilycrystalline iron rod (99. 95 r <) and 
fully annealed prior to testing. The disks were made of CVM M-50 steel 
having a Rockwell C hardness of 62 to 64. The lubricant was a commer- 
cial U. S. P. oil with the properties listed in table I. 



3 


TEST PHOCEDURE 

-8 

Disk specimens were ground and lapix>d to a surface finish of 10x10 
meter (1/i in ) Ha They were then scrubbed with a paste of levigated 
alumina and water. Riders were cleaned similarly except a commercial 
(nonabrasive) determent was used instead of alumina. All specimens were 
dried on clean filter paper. 

The specimens were assembled in the test chamber. Approximately 
50 ml of lubricant was added to the lubricant cup. The chamber was purged 
with dry air (* 50 ppm 11^0) for a minimum of 10 minutes The disk was 
set in motion and the rider loaded against it. Frictional force was mea- 
sured by a strain gage. Rider wear was determined ix>riodically by stop- 
ping the test and measuring the wear scar diameter. In addition to wear 
tests, diamond pyramid microhardness measurements were made at a 150 
gm load. Hardness measurements were made on implanted and unlmplanted 
iron before tests and in the wear scar on both materials after wear tests. 

RESULTS AND DISCUSSION 

An attempt was made in this investigation to perform ion implantation 
studies under carefully controlled conditions. The pin-on-disk api>aratus 
was selected since it is a classic technique for examining wear and is rela- 
tively easy to reproduce in any laboratory. The apparatus was placed in 
a plastic chamber which enabled control over the environment. The sliding 
speed and load were selected to be sufficiently low such that elastohydro- 
dynamic effects were minimized and the experiments were in the boundary 
lubrication regime. Mineral oil was chosen as a lubricant since it is readi- 
ly available and well characterized. Finally the rider (pin) material was 
sLmdardized as pure iron to eliminate effects from varying materials. 

The riders (pins) were polished, annealed and cleaned under fixed condi- 
tions in order to eliminate the effects of materiaf preparation on the re- 
sults. The disk material was selected to have a high hardness in order to 
make rider wear the controlling factor. 
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FRICTION AND WEAR 

Tabic II shows the friction and wear data and conditions for each 
individual test. A total of six baseline or unimplanted tests and eight 
implanted tests were performed. All tests were run with a 1/2 kilogram 
load (4.9 N). Tests were performed at approximately 15-18 rpm which, 
depending on the disk wear track circumference, yielded sliding veloci- 
ties in the range 0.043 to 0.051 meters per second. 

Table III summarizes the friction and wear results for the two situa- 
tions (implanted and unimplanted). As can be seen the wear rate for the 
implanted iron is almost the same as the control (unimplanted) tests. 

Rider wear volume is shown as a function of sliding distance in fig- 
ure 2 (unimplanted) and figure 3 (implanted). There is considerably 
more data scatter for the implanted situation. This of course, results 
in a much larger standard deviation. 

The data of figures 2 and 3 has been replotted in a different format 
in figures 4 and 5. Here incramental wear rates between each wear mea- 
surement are plotted as a function of sliding distance. In this format, 
any early implantation effects on wear should be evident. Again, except 
for more scatter in the implanted results (fig. 5) no obvious differences 
are seen. 

Two statistical analyses were done on the wear data presented. The 
wear rates were essentially the same for the implanted and the unimplanted 
pins. The scatter in the implanted wear rates was much higher than in the 
unimplanted. Statistical analysis of the wear rates using a student distri- 
bution (ref. 14) indicated that there was no significant statistical differ- 
ences in wear rates for the two cases. Statistical analysis of the standard 
deviations using a Chi-squared distribution (ref. 14), however, indicated 
that there was a 90% confidence level that the implanted standard deviation 
was outside the unimplanted. This is a difficult result to interpret since 
it would indicate that implantation at these levels could cause changes in 
either direction but in the mean would have no significant effect. 
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CORRELATION WITH OTHER INVESTIGATORS 

Although thr literature is replete with effects of ion implantation on 

friction and wear, basically only three groups have performed tribologi- 

cal experiments. Pavlov et. al. (ref. 11) reported large increases (2 to 

6 times) in the coefficient of friction for 40 keV Ar + ion bombarded steel 
17 2 

for doses to 9x10 ions/cm . Substantial improvements in wear for im- 
planted aluminum rubbing against steel cylinders was also reported but 
the implantation and wear conditions were not specified. 

Hartley et. al. (ref. 9) at Harwell have published the effects of a 
variety of implanted ions on the coefficient of friction of En352 steel. 

Both increases and decreases were noted. Large reduction (up to 10 
times) in wear occurred for a 440C steel pin sliding against a mild steel 
disk (fT implanted to 10 ions/cni ). More recently the relative de- 
crease in wear rate for nitrogen (50 keV) implanted nitriding steel as a 
function of dose was reported (ref. 12). Little change was noted at a 
dose of 4x10 ions/cm 45 . But above this dose, wear decreased with in- 
creasing dose until a maximum decrease (~30 times) occurred at a dose 
of 3x10 ions/cm . Thus, based on these results, it is not surprising 
that implantation effects were not observed in the present study since the 
total does of 5x10 ions/cm was less than one -tenth of the threshold 
reported above. 

The third group to publish in this area is at the Naval Research Lab- 
oratory. They have reported (ref. 13) implantation effects on the sliding 
wear of 41G stainless steel and AISI 52100 steel. Either a ball-on-cylinder 

or crossed-cylinder-on-cylinder geometry was uaed. Forty keV nitrogen 

17 2 

ions were implanted to a dose of 10 ions/cm . For the 52100 steel tests 
a factor of two improvement in wear was found. Much greater decreases 
(25 to 50 times) were observed for the 416 stainless steel tests. 

These effects were attributed to inward migration of the nitrogen ions 
during the wear process. The results were not believed to be caused by 
the formation of surface nitrides since the depth of wear was much great- 
er than the penetration depth of the implanted nitrogen. Radiation damage 
was also ruled out because argon implantation to the same doses did not 
yield any wear reductions. 
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Again, these' results indicate that the dose of the present study was 
probably too low to produce any gross changes in the tribological proper- 
ties which establishes a lower bound for iron. It should be noted that the 
low dose obtained for the present work was much lower than had initially 
been sought. Because of relatively low beam currents and the fact that 

16 2 

the beam was rastered, doses greater than 10 ions/cm would have 
required a prohibitively long exposure time. 

MIC ROHARDNESS MEASURE ME NTS 

We obtained microhardnesses on implanted and unimplanted iron of 
81 and 58 kg/mni^, respectively, with an average scatter of ±10'o. In the 
wear scars we obtained 111 kg/mm in the implanted and 102 kg/mm un- 
implanted. Thus, although there were differences initially, strain hard- 
ening in the wear tests produced approximately the same final hardnesses. 


AES ANALYSIS OF IMPLANTED SURFACES 

The results of AES (Auger Electron Spectroscopy) analysis of the im- 
planted iron bullets are presented in figure 6. In figure 6 we have a spec- 
trum showing the surface elemental analysis In figure 7 we present the 
portion of the spectrum presented in 6 limited to the location of the nitro- 
gen peak. The composition as a function of depth was determined by 
depth profiling combining sputtering with AES. The sputtering rate was 
calibrated by determining the time needed to remove a 1000 A Tantalum 
Oxide film from Tantalum. 

The purpose of depth profiling the Auger analysis was to detect and 
to attempt to determine the spatial distribution of the implanted nitrogen. 

As can be seen witli no sputtering the surface was primarily composed of 
sulfur, carbon, oxygen and iron. The carbon contamination is common 
and is a result of handling the specimen in air. As can be seen on this 
sensitivity scale there is no nitrogen present in the surface films. Sputter- 
ing rapidly removes the carbon and after removal of 500 A we have basi- 
cally an iron oxide surface, whereas at 7500 A removed we have basically 
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a pure iron surface witii a small amount of carbon monoxide adsorbed 

from the ambient in the vacuum system whose pressure was typically in 
_q 

the low 10 tnrr range. In figure 7 we show the comparable nitrogen 
concentration as a function of depth. In order to detect the nitrogen it 
was necessary to greatly increase the amplification. We can see that on 
the surface and in the surface oxide there is a greater quantity of nitro- 
gen (peak ht. ~ quantity) t . n within the bulk of the material. An exami- 
nation of an unimplanted bullet revealed that the distribution of nitrogen 
observed in the implanted bullet was the same. Thus we must conclude 
that the nitrogen detected is that which vuuld naturally occur from the 
processing of the bullet. 

This seemingly negative result has relevance regarding Uie distribu- 
tion of nitrogen in the implanted bullet. The sensitivity of AES is approxi- 

3 

mately 1 part in 10 for nitrogen. For the doses administered and assum- 
ing the nitrogen to be uniform distributed over 1 micron in depth we would 

.j 

have 1 part in 10 which is below the level of detectability. The estimate 
for tiie range of implantation is 0. 3t0. 1 micron. Thus we can conclude 
from these results that there is no concentration of nitrogen to a region 
smaller than 0. 1 micron or less since this spatial distribution of implan- 
tation would be detectable by Auger spectroscopy. 

SUMMARY OF RESULTS 

The effect of nitrogen ion (N + ) implantation on the friction and wear 
characteristics of pure iron sliding against M-50 steel (unimplanted) was 
studied using a pin-on-disk sliding friction apparatus under carefully con- 
trolled conditions. Test conditions included a dry air atmosphere, 1/2 
kilogram load (4.9 N), sliding velocities of 0.043 to 0.051 meters per sec- 
ond ( — 15-18 rpm) a U.S. P. mineral oil lubricant, and a nitrogen ion im- 

15 

plantation dose of 5x10 ions per square centimeter. The major results 
were as follows: 
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1. The friction and wear characteristics of pure iron (implanted) 
sliding against M-50 steel (unimplanted) wore not significantly altered as 
a result of the nitrogen implants o i. 

2. The concentration of nitrogen in Die near surface region (0-15000 A) 
of the implanted iron (as detected by Auger spectroscopy) was similar to 
the amount found in the unimplanted iron. 
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TABLE I. - TYPICAL LUBRICANT PROPERTIES 


Lubricant type 

U.S. P. mineral oil 

o 

Viscosity, N-sec/rn (Cp) 


37.8° C 

0.06 (60) 

98.9° C 

0.007 (7) 

Specific gravity 


15. 6° C 

0.888 

ro 

o 

0.883 
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TAHLK II. - FIUCTION AND WEAK RESULTS 


Test 

Impla nation 

Speed 

Average 

Average wear 


SptH'il s 

m/ s 

coefficient 

rate after 





of friction 

- - . -- 

run* in 



— 

1 



l 

None 

0.044 

0. 10 

1.26X10* 141 

2 



.043 

. 11 

1 . 17M0" 14 

3 



.040 

. 12 

1.49M0" 14 

4 



.045 

.09 

1.47X10' 14 

5 



.051 

. 10 

1.95M0" 14 

6 



.051 

.09 

1.49X10" 14 

7 

N 


.044 


1.57M0' 14 

8 


l 

.045 

.... 

1. 34M0" 14 

9 



.051 

0.09 

2.69M0’ 14 

10 



.048 

.09 

2. 56xl0‘ 14 

11 



.049 

.08 

.94xl0“ 14 

12 



.045 

.09 

.63X10" 14 

13 



.047 

.09 

1 . 16xl0‘ 14 

" 1 

\ 


.045 

.09 

1. 31X10" 14 
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TABLE ID - SUMMARY OF FRICTION AND WEAR RESULTS 










Figure 1. * Pin -on-dlsk sliding friction apparatus. 
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Figure 4. - Incremental »rar rate as a function of eliding distance. 
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figure 6. - Auqer spectrum of mtroqen implanted iron surface after various sputtering 
inlrr van. (Beam energy, ?000»V, beam current. Ip A. I 
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Figure 7. - Nitrogen auger peak from nitrogen implanted surface after various sputtering in- 
tervals. iBeam energy. 2000 eV. deem current. IgA.) 



Table 4. Comparison of the stress intensity factors tor isotropic 

and orthotropic strips with a symmetrical ly located internal 
crack. Tension: a 
(b-a)/(h/coso) * 0. 


m u xx' bending: o" * o-.( 1 -2y/h) , 

6, c« (b-a)/2, a ■ (h/coso) - b ’ 


o xx (+-.y), 



e * 0 



3 3 n/6 


Tension 

Tension 

Bend’nq 

‘i * 


k 2 1 

k ^ /cfc * c 

k^/ 

Isotropic 

1.303 

1.080 

0.504 

0.248 

0.137 

Ortho. (30°) 

1 .226 

1 .420 

0.553 

0.288 

0.141 

Ortho. (120°) 

1 .226 

1.172 

0.518 

0.258 

0.138 


by 120° E]] axis makes 120° with the x-axis, i.e., in the latter case 
the material has been rotated by 90° (see Figure 1). The isotropic 
results are also given in the table. The table shows that in the in- 
clined crack problem not only the material orthotropy but also the 
orientation of the axes of orthotropy may have a significant effect 
on the stress intensity factors. 

In the case of an edge crack, i.e., for a = 0, b<h/cosO, the in- 
tegral equations (34) remain unchanged. However, the unknown functions 
f](t) and f 2 ( t ) are bounded at t = 0 and the conditions (36) are no 
longer valid. In this case the integral equations can be solved nu- 
merically by first normalizing the interval (0,b) to (-1,1) through 
the change in variables 

t = 2 » *2 s 2 » -1 <(s,r)<l , (50) 

and then using again a Gauss-Chebyshev integration formula. A conven- 
ient technique in this problem is defining the unknown functions by 

ffU) * G i (r)//Tr 7 , 1-1 .2 (51) 
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and using the collocation points Sj obtained from U n _i(Sj)*0, 
(j«l,..,n-l) and the condition Gf(-1)»0 (to account for boundedness 
of f t (t) at t ■ 0) to calculate Gf(r k ), (k=l,..,n) T n (r k ) * 0, where 
T n and ll (| are Chebyshev polynomials. Table 5 shows the calculated 
results for the edge crack. In this problem too the external load 
Is either a uniform tension or a uniform bending applied to the strip 
away from the crack region. 

The results show that depending on the crack geometry, under 
bending and under 1 uniform crack surface shear traction at one of the 
crack tips the mode I component of the stress intensity factor k^ may 
be negative. In this case the crack surfaces would be partially closed 
and the problem would become a crack-contact problem with the length of 
the cuntact region being unknown. Therefore, taken separately, the 
solutions given in this paper for which k^<0 are not valid However, 
these solutions can be used under the combined loading conditions in 
which, in addition to the bending and the transverse shear, there is 
a sufficiently large membrane component of the external load such that 
the superimposed mode I stress intensity factors at both crack tips 
are positive. 
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Table 5. Stress intensity factors for an edge crack ( a =0 in an ortho troo'ic 
strip under tension or bending away fron the crack regior 
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APPFNOIX A 


Ixpressions of the functions Rj(s) and the solution of 


(33): 

ni nl 

Rj(^) 3 A^((uj^nj - — -)Ij ♦ ((?2 ” n i w l ) 1 2 * (nju| * figwj )Jj 

^ ( n., *i^ • up ) ^ , , n|n 0 [ii)jK| • — u) ^ L ^ ^ 1 - ^ 1 ' 

R^(s) ; r { n^n^[( - uxj )I|Ki5j + ^2) 1 2 " ( u, ]* w {)Jj 

+ ♦ (nj-n^)[ui^K| - u) 2 ^ - ui^Lj + d^L^]) 

n 2 n 2 

R 3 (s) - Aj{(njujj - j^)If + + (nju>| - n^j )J| 

♦ - n jw^) J-j + 2^1 n 2 ^ w l ” ^1 + *** 2 ^ 2 ^ 


. { n 1 n 2 C ~ ( ^ + ) I j + (u)- +U) 5^9 " 


R4U) - 1 i"] " 2 l ’ v U )' 1 Tu, ]'*1 t v w 0 tu ' 2 ,1 2 " '“1 TU, 1 /U 1 
+ (u^+upJ^] + (nj -np [u>^ Kj -u^K^-u^ll+u^L^] ) 


A, ■ 


1 


1 Plia^ofalj-ldpS* ’ 
b 


|‘(S) 


Jj(s) 


k 

t 

a 

f b L -k 


Ej(s.t)f 1 (t)dt 
Fj(s,t)f 2 (t)dt 


K-(s) = 


Fj(s,t)f-j (t)dt 


f b ,k 


L j ( s ) = J E](s.t)f 2 (t)dt , ( j . k ) = (1,2) ; 


equations 


(A1-A4) 

(A5) 


(A6-A9) 
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... -l‘‘ tn l A J 


l i.t) ne ' J [n^\j-'os c ( t ♦ CjSln|a|cjt 

♦ i 1 ,’y c^os c^t - in^.sin cqt] . 

? - |s|Xj(h-ni t) 

* *e J {-n^>jCos[CjS(t-n^ h+n^u jh) ] 

♦ CjSln[|s|Cj(t-n^h>n^ .«jh) ] 

♦ ICj pq cos [sCj ( t-n^ h*uijn^ h) ] 

♦ in^A-sin [sc .(t-n^h+u jn^h)]} , j*1,2 ; 


) 


I -IslA.n.t c i 

F.^s.t) * e J [- J cos c.st + n.b.sin c,Js|t 

U)j J I J J 

C j 

+ i |q n^.cos c^st + i ^ sin c j s t ] , 

J 


Fj 


h)] 


- |s | \ 1 (h-n 1 t J c i 

(s,t) = ne J cos[sc j (t-n 1 h+cjjn 1 

J 

+ b -sin[ | s |c j ( t-n^ h+u'^n^ h) ] 

* i n^bjCOs[sCj(t-n^h-H^n.|h)] 
c i 

- i rf sintsc^t-n.h+ui^ruh)] , j-1,2 ; 

' j J • J 

u j/(nH +n 2 ) ’ b i = ’ c j = " n 2 / ^ n l u ’j +n 2 

j-1,2 ; 


Solution of equations (33): 


(A10.A11 ) 


(A12.A13) 
) , 

(A14-A16) 
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iAI ) 




.4 ; 


Ms) * (r r r 3 )(r r r 4 )( e 


,sh r ? sh r.sh r-jSh 
1 -e ' )(e 4 - e ) 


(r r r 3 )(r r r 2 )( e 2 -e )(e 


e ) 


r^sh r 3 sh v< _ r l sh „ r 4 Sh 

i 

♦ (r ,-r 2 )( r r r 4 ) ( e “ -e 


r,sh r.sh r,sh r 3 sh 
- 4 )(e 1 -e ) 


(i-yrJsh (r 2 *r 4 )sh 

> ‘ J ♦ r-(r 9 -r.)e 


..« n (s) r 4 ( r 3“ r 2 )e " ' " r 3 u 2"4 

(r 3 +r 4 )sh 

t 

(r 2 +r 4 )sh 


'12 


* r 2^ r 4" r 3^ e 
(r 2 -r 3 )e 


(r 2 *r 3 )sh 

- v 2 '4' 

r„sh r i sh , v 4 


- (r 2 -r 4 )e 


- (r 4 -r 3 )e 
r.sh 


(r 


r 2 (r 4 -r 3 ) e 2 ♦ r 3 (r 2 -r 4 )e ‘ * r 4 (r 3 -r 2 )e 


r„sh . ' r '4 sh 

+ i r 2~ r y e 


I 

,)e + ( r A- r 2 )( 


in -j 4 C s ) (r 3 -r 4 )e * v r 4"'2 

(r 1 +r 3 )sh (r ] +r 4 )sh 

pi l(s) r 4 (r r r 3 )e - r 3 (r,-» 4 )e 

(r 3 +r 4 )sh 

. r ,(r 3 -r 4 )e 

(r,+r 3 )sh (r 1 +r 4 )sh 

n V ,(s) - (r r r 3 )e + (>V r 4 )e 

(r 3 +r 4 )sh 


+ ( r 4" r 3 )e 


r,sh . r 3 ;> ^ 


„ V ,U) r,(r 3 -r 4 )e 1 - r 3 (r,-r 4 ). ♦ r 4 (r,-r 3 ). 


r 4 sh 


(A18) 


+r 4 )sh 
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r.sn r,sh r 

m i »^ s ) ( r 4 - r 3 )e ♦ (rpr^e J - ( rj -r^e 


i \ / v ^ »'i ♦ r 4 ) sh (r-+r 1 )sh 

n 31 s ) = r 2( r r r 4> e ♦ r l ( r 4 * r 2 )e 2 


- r 4 ( r l ' r 2) e 


(r^r^) sh 


, . . ( r , +r 4 )sh (r, +r-)sh 

m 32 (s) 3 ('V r 4 )e * (r r r 2 )e 1 - 


♦ ( r 4 • r 1 )e 


(r,*r 4 )sh 


r l sh r_sh r.sh 


,n 33 (s) ‘ r l ^ r 4- r 2 )e - r 2<V r 4 )e ^ 


4 ' r 2 ' 


. . , r i sh r ? sh r-sh 

m 34 (s) * < r 2" r 4 )e • < r r r 4 )e * (r r r 2 )e 4 

. , , . (r^r 2 )sh (r,+r,) sh 

m 4 1 ( s ) * r 3^ r l * r 2^ e - r 2( r r r 3 ) e 3 


+ r l ( r 2" r 3 )e 


(r 2 +r 3 )sh 


" 4 ? (s) - - (r,-r,)e 


f (»Vr,)e 


(r^r^Jsh 


(r 3 +r 2 )sh 


+ (r r r 3 )e 


(r 1 +r 3 )sh 


. . , , r l sh r ? sh r,sh 

,n 4 3 ( s ) = r l ( r 2" r 3 )e ■ r 2 (r l' r 3 )e ‘ + r 3 ' r r r 2 )e ' 

, 4 , r i sh r„sh r.sh 

m 44 ( ; >) * ( r 3* r 2) e + (rwJe d - (r, -r_)e 


(A19-A34) 



APPENDIX H 


Expressions of the kernels k ij(*2«0. (i,J«l .2): 


IJ 


l^.t) - d^ j [Gy(x ? ,t.s) ♦ G 1 j(x 2 ,t,-s)]ds . (I.j) 


d. * 


U)^ 


I * ^2 ? -UlpO ' 


-in 2 x 9 s 


Gi|(xo,t,s) - 


aTs)' 


¥l^ E 2*¥l*VK“l F i 


h 5“ > ? F 2 +h 6 u> l F 1 " h 6^2 F 2 




2 

2 ’ 

-J 


e c c 

G 12 (x 2 , t .s) » ^y- - u> 1 h 5 Ej+u) 2 h 5 E^-u> 1 h 6 [j+u» 2 h () Ei 


^ 2 1 1 x , t , s ) 


♦ wjh j F | tr^h ,F 2 *ui|h jF j -ko^h^F^ 


- 1 n ? x 2 s 

SftsT [ , l E i t, 2 E 2* v 3 E i tv 4 E 2* v 5“l F 1 


v 5 u, 2 F 2 +v 6 u) l F i -v 6 u, 2 F 2 


-in 9 x 9 s 

2 2 r 


G ? 2 (x 2 , t ,s) * 


-V 5 E) + ^ 5 ErV 6 E i + V 6 E 2 


♦ F|+c.' 2 v ,T v 3 * r |' fu ’'> v 4 F 2 


a 1 


k k 

where the functions Ej(x,t) and Fj(s,t), (j,k r l,2) are given 
tions (A10-A13), A(s) is given by (A18), and 


- ( 1 . 2 ) 

(B1 ) 

(B2.B3) 


(B4-B7) 
by equa- 
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( *2 * s ) 
hp ( X2 1 s ) 

^ 3 ( x 2 * s ) 
^*4 ( x 2 • s ^ 

^ fj ^ * 2 ’ lj ^ 

*V>^ X 2 ,S ^ 
^ x 2 ,s ^ 
v 1 ^ x ? ’ ^ ) 

Vp(x 2 ,s) 
V 3 (x ? ,5) 
V 4 (Xp,s) 
V|^( Xp»s) 

v 6 (xp,s) 

P j ( Xp» s ) 


). a k (x ?t *)[« 1 m k1 *1a 2 » k2 J 
4 

■ ■ '‘k u Ai*'W> • 

4 

■ \ VYh'^A* 1 • 

4 

* j "k ( ''3" , k3* 1 '*4'”k4> • 

4 

* I , k f2n 1 n 2 m kr i(nj- n 2 ) t n k2 ] 


■ I '> k t?r> 1 n ? m k 3-((nf- 0 pn, k4 ] 


» (nj 
4 

■ \ B J<*1'Wj2> 

4 

4 

• 1 Pj( a i m j3 +ia 2 m j4 ) 
4 

3 [ 0 j (a 3 m j3 +ia 4 m j4> 


r k n 1 x 2 s 


(It-) 


■ J. ® j t^ n i n 2 rn j 1 ”1 ( -ng ) m j 2 ] 

* 

I 

4 

* I Bj[2n 1 n 2 m j3 -1(n|-np.nj 4 ] 
r [n 1 n 2 r-+n,n 2 + i(n|-nprj]e 


r .n,x n s 
J I ‘ 


..4) 


(J-l.. ,4) 


(B8-B13) 

(B14) 


(BI5-B20) 

(B21) 


-2b- 



°? n l n 2 

“1 ' " f -1 **7 • d 2 • S ' + n l n 2 U, 1 ’ 


-n|i4>2 + wo ’ J 4 


• n 2^2 * 


(B22-B25) 


and the functions ih lt (s). (k.j-1 4) are given by equations (A19-AJ4). 
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Figure 1. The geometry of orthotropic strip 
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